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Emergent quantization from a dynamic vacuum
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We show that adding quadratic temporal dispersion to a dynamic-vacuum acoustic model yields a fully
analytic, exactly isospectral mapping to the hydrogenic Coulomb problem. In the regime ω = Dq2 with D =
h̄/(2meff ), a proton-imprinted constitutive profile produces an inverse sound speed 1/c2

s (r) = A(ω) + C(ω)/r
and hence a time-harmonic operator (∇2 + k2

eff ) that is Coulombic at each bound eigenfrequency. Separation
of variables yields the exact hydrogenic eigenfunctions Rn�(r)Y m

� (θ, φ); the angular labels (�, m) emerge
naturally from the Laplace-Beltrami spectrum on S2 via rotational symmetry and boundary conditions (as in
standard quantum mechanics), while localization follows from A(ωn) < 0 in a reactive stop band consistent with
causal, passive dispersion. While angular-momentum quantization follows directly from rotational symmetry
and boundary conditions in standard quantum mechanics (consistent with Noether’s theorem), here it emerges
within a classical-like dispersive acoustic framework without introducing additional wave-mechanical postulates
beyond symmetry and self-adjointness. This highlights dispersion’s role in bridging a hydrodynamic description
to quantumlike spectral structure. Identifying qn ≡ κn maps spatial scale to frequency, giving ωn = Dκ2

n ∝ 1/n2

and reproducing the Rydberg ladder. Calibration to the reduced-mass Rydberg frequency (ω∗ = 2πcRH ) fixes
D = h̄/(2μ) and meff = μ, with no free parameters. We determine the frequency dependence of A(ωn) and C(ωn)
consistent with the underlying dispersive physics and demonstrate agreement with hydrogenic mode shapes and
transition lines. The framework also predicts isotope shifts [μ → μ(M )] and symmetry-respecting Stark/Zeeman
analogues. Dispersion thus renders quantization an emergent consequence of symmetry, boundary conditions,
and causal response in a dynamic vacuum.

DOI: 10.1103/l8y7-r3rm

I. INTRODUCTION

In our prior work [1], we derived an acoustic wave
equation from the Schrödinger equation via Madelung hy-
drodynamics and demonstrated numerically that hydrogenic
orbital morphologies arise as acoustic resonances of a dy-
namic vacuum. The present work supplies the missing
temporal-dispersion closure needed to make the mapping fully
analytic and exactly isospectral to the hydrogenic Coulomb
problem. The physical basis for this dispersion, rooted
in linearized Madelung hydrodynamics, is derived in the
Appendix.

(1) Temporal dispersion of the medium: Small longitudinal
disturbances obey a quadratic dispersion in the regime of
interest:

ω = D q2, D = h̄

2 meff
. (1)

The dispersive closure is a quadratic law in the regime of
interest (derived from Madelung hydrodynamics with quan-
tum potential Q in the Appendix), which converts a spatial
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inverse length into an oscillation frequency. By itself, Eq. (1)
does not quantize anything; it only maps scale to rate. This
quadratic regime is the long-wavelength/quantum-pressure
limit of the Madelung/Bogoliubov linearization [2] and also
arises in gradient-elastic continua [3–6].

(2) Spatial constitutive profile of the dynamic vacuum: A
proton-imprinted, radially varying medium [ρ(r) = γ /r4]
and a finite far-field background make the local inverse sound
speed

1

c2
s (r)

= A(ω) + C(ω)

r
, (2)

which makes the time-harmonic acoustic operator (∇2 + k2
eff )

Coulombic:

k2
eff (r; ω) = ω2

c2
s (r)

= ω2

(
A + C

r

)
≡ α(ω) + β(ω)

r
. (3)

Note. We distinguish (a) the plane-wave (spectral) wave
number q appearing in the dispersion (1); (b) the spatial op-
erator coefficient keff (r; ω) in Eq. (3); and (c) the bound-state
inverse length κ ≡ √−α that characterizes the evanescent tail
of a normalizable solution. In a uniform medium, keff would
coincide with the spectral wave number, but here the inhomo-
geneity (the 1/r term) is what generates hydrogenic structure,
so we keep these symbols distinct. We only identify qn ≡ κn

when using the dispersion to map spatial scale to frequency.
The next steps complete the development of the full hydro-

genic eigenfunctions and observed spectrum. With Eqs. (2)
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and (3), separation of variables p = R�(r)Y m
� (θ, φ) yields the

radial ordinary differential equation (ODE)

u′′(r) +
[

α(ω) + β(ω)

r
− �(� + 1)

r2

]
u(r) = 0, u = rR�.

Choosing the (causal, dispersive) coefficients at the eigen-
frequencies ωn, one has α(ωn) = −κ2

n and β(ωn) = β (inde-
pendent of n or a constant for all eigenfrequencies) makes
this ODE identical to the hydrogenic Coulomb equation [7].
Regularity at r = 0 and decay as r → ∞ (which requires
A(ωn) < 0, i.e., a reactive stop band) then quantize the spatial
scale and angular momentum:

κn = β

2n
, � = 0, 1, 2, . . . , m = −�, . . . , �.

Thus, the full hydrogenic eigenfunctions Rn�(r)Y m
� (θ, φ) and

the (n, �, m) labels emerge from the spatial eigenproblem—
they are not postulated.

Once the spatial quantization is established, the temporal
dispersion (1) maps κn to eigenfrequencies by the identifica-
tion qn ≡ κn:

ωn = D κ2
n = D

β2

4

1

n2

⇒ En = −h̄ ωn ∝ − 1

n2
.

Calibrating D = h̄/(2μ) (electron-proton reduced mass μ)
aligns the dispersion constant with the kinetic-energy operator
of the Schrödinger equation, while choosing β = 2/a0 sets
the effective coupling scale so that the resulting eigenval-
ues reproduce the Rydberg series. Here, a0 = 4πε0 h̄2/(μe2)
is the Bohr radius, which thus enters only as a calibration
scale rather than an assumed quantum postulate. Item (2) (the
Coulombic operator) creates the quantized hydrogenic spatial
spectrum and angular momentum; item (1) (the quadratic
dispersion) converts each quantized spatial scale into the cor-
rect 1/n2 energy/frequency ladder. Together, they render the
acoustic problem isospectral to hydrogen in both eigenfunc-
tions and spectrum, with a single reduced-mass calibration
(which simultaneously fixes the Bohr radius and energy scale)
to observation. In short, once the dynamic vacuum is endowed
with the quadratic dispersion of Eq. (1) and the Coulombic
constitutive profile of Eq. (3), the acoustic Helmholtz prob-
lem becomes Coulombic, angular-momentum quantization
emerges from symmetry, bound states follow from A < 0 [8],
and the spectrum matches observation with a single reduced-
mass calibration. The remainder of the paper develops this
construction, details the frequency dependence of A(ω) and
C(ω), and compares predicted levels and lines to hydrogen
data.

II. MINIMAL ASSUMPTIONS AND DISPERSION

We make a compact set of explicit assumptions that to-
gether fix the governing operator, the spectrum, and the
mapping to observation. No postulate of angular-momentum
quantization is required.

(1) Medium and governing equation: The vacuum is
modeled as a longitudinal, compressible continuum with spa-
tially varying fields ρ(r) (effective density) and B(r) (bulk
modulus). Small-signal dynamics (to leading order, lossless)

obey

∇ · [ρ(r)−1∇p] − B(r)−1 ∂2
t p = 0, (4a)

(∇2 + k2
eff ) p = 0, (4b)

k2
eff (r) = ω2/c2

s (r), (4c)

c2
s = B/ρ. (4d)

(2) Near-field density law (proton imprint): Guided by the
electrostatic energy density around a proton, the near-field
density scales as

ρ(r) = γ

r4
, γ > 0 constant. (5)

(An ambient ρ∞ is included without changing the conclusions
below.)

(3) Bulk modulus ansatz (Coulombic map): The effective
inverse sound speed has a constant background plus a 1/r
term,

1

c2
s (r)

= ρ(r)

B(r)
= A(ω) + C(ω)

r
, (6)

realized, for example, by B(r) = B∞ + βB/r3 together with
Eq. (5) [9], giving A = ρ∞/B∞ (if ρ∞ �= 0) and C = γ /βB.
Consequently,

k2
eff (r) = ω2

c2
s (r)

= ω2

(
A + C

r

)
≡ α + β

r
. (7)

This is the Coulombic (1/r) structure required for hydrogenic
isospectrality.

(4) Dispersion (linchpin): The longitudinal mode is dis-
persive with a quadratic (Schrödinger-like) law,

ω = D q2, D = h̄

2 meff
. (8)

The full linearized Madelung dispersion has the form ω2 =
c2

Lk2 + D2k4; a concise derivation is given in the Appendix,
which connects the spatial inverse length q to temporal
frequency. This form is the short-wavelength limit of the
standard Bogoliubov relation ω2 = c2

s q2 + (h̄2/4m2
eff )q4 [5],

and also arises in gradient-elastic continua. It uniquely yields
the observed 1/n2 spectrum once the spatial operator is
Coulombic.

Notation: The plane-wave wave number q, the spatial op-
erator coefficient keff (r; ω), and the bound-state inverse length
κ = √−α are kept distinct; only at discrete eigenfrequencies
ωn do we identify qn ≡ κn when mapping spatial scale to
frequency.

(5) Symmetry and boundary conditions: Spherical symme-
try applies for the single-proton problem. Solutions are regular
at r = 0 and square integrable (evanescent) as r → ∞. The
latter requires

lim
r→∞ k2(r) = α = ω2A(ω) = −κ2 < 0

⇒ A(ω) < 0, (9)

i.e., a reactive (stop-band) far field that produces the familiar
exponential tails.

(6) Observation mapping and calibration: The dispersion
maps each spatial eigenvalue κn to a temporal frequency by
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qn ≡ κn, giving

ωn = D κ2
n = D

β2

4

1

n2
, (10)

so that En = −h̄ ωn ∝ −1/n2. Calibration to hydrogen data
uses the reduced-mass Rydberg constant RH with ω∗ =
2πcRH and β = 2/a0, yielding

D = ω∗a2
0 = h̄

2 μ
, (11)

so the effective mass of the longitudinal mode equals the
electron-proton reduced mass μ.

Results of assumptions. With Eq. (7), separation of p =
R�(r)Y m

� (θ, φ) and u = rR� gives

u′′(r) +
[
α + β

r
− �(� + 1)

r2

]
u(r) = 0, (12)

the hydrogenic Coulomb radial equation. Hence, the acoustic
problem is isospectral to hydrogen: κ = √−α, n = β/(2κ ) =
nr + � + 1, and

Rn�(r) ∝ (2κr)�e−κr L(2�+1)
n−�−1(2κr), (13a)

pn�m ∝ Rn�(r)Y m
� (θ, φ). (13b)

Quantization of � and m emerges naturally from spheri-
cal symmetry; it is not an added axiom. Once the medium
is endowed with the quadratic dispersion of Eq. (8) and
the Coulombic constitutive profile of Eq. (7), the dynamic-
vacuum acoustic problem reproduces the hydrogenic spec-
trum and eigenfunctions, with a single reduced-mass calibra-
tion to observation.

Operator matching and self-adjointness. The time-
harmonic equation (∇2 + k2

eff )p = 0 with k2
eff (r) = ω2(A +

C/r) separates in spherical coordinates. Writing p(r, θ, φ) =
R�(r)Y m

� (θ, φ) and u = rR� gives [10]

u′′(r) +
[
α(ω) + β(ω)

r
− �(� + 1)

r2

]
u(r) = 0,

u(0) = u(∞) = 0.

Comparing with the Coulomb Schrödinger equation u′′ +
[ 2μE/h̄2 + (2μe2/4πε0 h̄2)(1/r) − �(� + 1)/r2]u = 0
identifies

α(ω) = 2μE

h̄2 , β(ω) = 2μe2

4πε0 h̄2 ≡ β,

showing that the acoustic operator is mathematically identical
to the hydrogenic Coulomb operator. For bound states E < 0,
α(ωn) = −κ2

n with κn = β/(2n). The normalized radial func-
tions are

Rn�(r) = Nn�(2κnr)�e−κnrL(2�+1)
n−�−1(2κnr),

Nn� = (2κn)3/2

√
(n − � − 1)!

2n(n + �)!
.

These eigenfunctions form a complete orthonormal basis
for each � and confirm the exact isospectrality between the
dynamic-vacuum acoustic operator and hydrogenic quantum
mechanics.

III. EMERGENT ANGULAR MOMENTUM FROM
SPHERICAL SYMMETRY

In this construction, the angular quantum numbers are not
postulated. They emerge from the spherical symmetry of the
single-proton problem, the scalar character of the acoustic
pressure p, and the requirement of regularity and single-
valuedness on the compact angular manifold S2. For any
central constitutive profile k2

eff (r; ω), the Laplacian separates
as

∇2 = 1

r2
∂r (r2∂r ) − L̂2

r2
,

L̂2 = −
[

1

sin θ
∂θ (sin θ ∂θ ) + 1

sin2 θ
∂2
φ

]
. (14)

Substituting p(r, θ, φ) = R(r)Y (θ, φ) into (∇2 + k2
eff )p = 0

gives the separated equations

L̂2Y = λY,
1

r2
∂r (r2∂rR) +

[
k2

eff (r; ω) − λ

r2

]
R = 0. (15)

On the compact sphere S2, the conditions of single-valuedness
in φ (2π -periodicity) and regularity at the poles θ = 0, π

enforce the discrete Laplace-Beltrami spectrum

λ = �(� + 1),

� = 0, 1, 2, . . . ,

m = −�, . . . , �, (16)

with orthonormal eigenfunctions Y m
� (θ, φ) [11,13]. Thus, the

integer labels �, m are an emergent spectral property of the
angular eigenproblem on S2, not an additional quantization
axiom.

Defining u(r) ≡ r R(r) removes the first derivative from
the radial equation:

u′′(r) +
[

k2
eff (r; ω) − �(� + 1)

r2

]
u(r) = 0, u(0) = 0,

u(∞) = 0. (17)

For the Coulombic constitutive map k2
eff (r; ω) = α(ω) +

β(ω)/r (Sec. II), Eq. (17) becomes the hydrogenic radial
ODE. Normalizability enforces the usual Laguerre solutions
Rn�(r) with n = nr + � + 1 and the familiar degeneracies: For
each n, the allowed � are 0, 1, . . . , n − 1, and each � supports
a (2� + 1)-fold magnetic degeneracy in m (total n2).

Takeaway. Discrete angular momentum arises automat-
ically from the symmetry of the problem—The Laplace-
Beltrami spectrum on S2 and the scalar nature of p are
sufficient. The centrifugal term �(� + 1)/r2 and the hydro-
genic degeneracies follow without any extra quantization
postulate.

IV. MAPPING TO OBSERVATION, DISPERSIVE
PARAMETERS, AND VALIDATION

The spatial eigenproblem fixes the bound-state scale and
eigenfunctions,

κn = 1

n a0
, pn�m(r, θ, φ) = An�m Rn�(r)Y m

� (θ, φ), (18)
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TABLE I. Energylike level values using reduced mass consistently (RH ). Both analytic and observation columns use RH . Frequencies in
PHz. Constants from CODATA 2018 [14].

n |En| analytic (eV) fn analytic (PHz) |En| obs (eV) fn obs (PHz)

1 13.598 434 006 3.288 051 13.598 434 006 3.288 051
2 3.399 608 501 0.822 013 3.399 608 501 0.822 013
3 1.510 937 112 0.365 339 1.510 937 112 0.365 339
4 0.849 902 125 0.205 503 0.849 902 125 0.205 503
5 0.543 937 360 0.131 522 0.543 937 360 0.131 522
6 0.377 734 278 0.091 335 0.377 734 278 0.091 335
7 0.277 518 041 0.067 103 0.277 518 041 0.067 103

so the quantized inverse length directly determines each
level’s frequency via the quadratic dispersion relation,

ωn = D κ2
n = ω∗

n2
, En = −h̄ ωn ∝ − 1

n2
. (19)

The level differences reproduce the Rydberg ladder,

fn2→n1 = �E

h
= ω∗

2π

(
1

n2
1

− 1

n2
2

)

= c RH

(
1

n2
1

− 1

n2
2

)
, (20)

with calibration ω∗ = 2πcRH using the reduced-mass Ryd-
berg constant RH [14].

Reduced-mass calibration. The electron-proton system
uses μ = memp/(me + mp) ≈ 0.999 46 me, which rescales the
Bohr radius and Rydberg constant as

a(H )
0 = 4πε0 h̄2

μe2
= me

μ
a(∞)

0 , RH = R∞
μ

me
.

With D = ω∗(a(H )
0 )2, one obtains

D = h̄

2 μ
, meff = μ , (21)

so the effective inertial parameter of the longitudinal mode
equals the reduced mass. No further tuning is required: all
absolute numbers follow from RH and a(H )

0 .
Frequency-dependent parameters. From k2

eff = ω2

(A + C/r) = α + β/r, αn = −1/(n2a2
0), and β = 2/a0,

the dispersion-linked coefficients are

A(ωn) = − n2

a2
0 ω2∗

, C(ωn) = 2n4

a0 ω2∗
. (22)

Hence, A < 0 identifies a reactive (stop-band) far field where
modes are evanescent and localized, while C > 0 represents
the proton-induced increase of 1/c2

s near the core. Their
monotonic scalings |A| ∝ n2, C ∝ n4 reflect how different
eigenfrequencies probe different points of the same dispersive
response function.

Material interpretation. Using ρ(r) = γ /r4 and B(r) =
B∞ + βB/r3, one has 1/c2

s = ρ/B � A + C/r with A =
ρ∞/B∞ and C = γ /βB, so

B∞(ωn) = − ρ∞
a2

0ω
2
∗

n2
, βB(ωn) = γ

a0ω
2
∗

2n4
.

Both scale inversely with powers of n, consistent with the
frequency-dependent elasticity needed to maintain Coulombic
isospectrality.

Validation. Once the dispersion and reduced-mass calibra-
tion are fixed, the framework has no free parameters. The
eigenfunctions are hydrogenic and the levels follow the 1/n2

law. Tables I and II compare analytic and observed hydrogen
data (identical within precision), and Fig. 1 visualizes selected
isosurfaces of |ψn�m|2. The spatial morphology and transition

FIG. 1. Hydrogenic orbital density isosurfaces: Each panel
shows the isosurface of the analytic probability density
|ψn�m(x, y, z)|2 at a fixed physical threshold (nm−3), computed
from Rn�(r) and real Y m

� (θ, φ). Isosurfaces were extracted via a
marching-cubes method; a narrow angular “pie-wedge” was masked
in volume prior to extraction to reveal interior structure, and gray
shading is illustrative only. These visualizations match the familiar
textbook morphology of hydrogenic orbitals [11].
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TABLE II. Selected hydrogen vacuum lines using reduced mass consistently (RH ). Both analytic and observation columns use RH .
Frequencies in PHz and wavelengths in nm. Constants from CODATA 2018 [14]; observed values cross-checked with NIST ASD [15].

Transition f analytic (PHz) λ analytic (nm) f obs (PHz) λ obs (nm)

Lyman-α (2 → 1) 2.466 038 121.568 446 2.466 038 121.568 446
Lyman-β (3 → 1) 2.922 712 102.573 376 2.922 712 102.573 376
Lyman-γ (4 → 1) 3.082 576 97.087 384 3.082 576 97.087 384
Hα (3 → 2) 0.456 674 656.281 106 0.456 674 656.281 106
Hβ (4 → 2) 0.609 285 492.162 878 0.609 285 492.162 878
Balmer-γ (5 → 2) 0.654 573 456.867 793 0.654 573 456.867 793
Paschen-α (4 → 3) 0.159 836 1 875.627 447 0.159 836 1 875.627 447
Paschen-β (5 → 3) 0.233 817 1 282.167 200 0.233 817 1 282.167 200

frequencies match hydrogen exactly, demonstrating that the
dynamic-vacuum construction reproduces the observed Ryd-
berg spectrum with a single reduced-mass calibration.

V. DISCUSSION AND CONCLUSION

Quadratic dispersion, ω = Dq2 with D = h̄/(2meff ), is
the essential ingredient that renders the dynamic-vacuum
acoustic problem analytically isospectral with hydrogen.
With the minimal constitutive map 1/c2

s (r) = A(ω) + C(ω)/r
and near-field density ρ(r) = γ /r4, the time-harmonic op-
erator (∇2 + k2

eff ) becomes exactly Coulombic. Separation
then produces the standard hydrogenic basis Rn�(r)Y m

� (θ, φ);
angular-momentum quantization arises naturally from the S2

eigenproblem, and localization follows from A(ωn) < 0.
Calibration to observation through the reduced-mass Ryd-

berg frequency ω∗ = 2πc RH fixes all constants and implies
D = h̄/(2μ), with meff = μ (the electron-proton reduced
mass). Without additional parameters, the model reproduces
the hydrogenic shapes (Fig. 1), the 1/n2 level spacing and
Rydberg ladder (Tables I and II), and isotope shifts via
μ → μ(M ). Weak, slowly varying perturbations of 1/c2

s (r)
introduce Stark- or Zeeman-type splittings on the same ana-
lytic basis, confirming the robustness of the mapping.

This framework parallels the hydrodynamic or Madelung
formulation, where dispersion enters as a quantumlike cor-
rection. Here, however, the quadratic regime alone suffices
to produce full isospectrality, revealing quantization as an
emergent property of a dispersive, dynamic vacuum rather
than an imposed axiom. Subleading corrections (O(1/r2)) or
small loss terms would shift line centers or set linewidths
perturbatively but do not alter the analytic core. Extensions
to multicenter or externally forced problems follow from the
same separation principles.

In summary, a single physically motivated assumption—
quadratic dispersion—yields a closed, analytic, and observa-
tionally calibrated construction of the hydrogen spectrum. An-
gular momentum emerges from geometry, bound states from
A < 0, and the spectral ladder from one reduced-mass cali-
bration. The result is a self-consistent, dispersion-anchored
dynamic-vacuum model in which quantization arises naturally
from the symmetry of the medium itself.
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APPENDIX: DISPERSION RELATION FROM MADELUNG
HYDRODYNAMICS WITH QUANTUM POTENTIAL

1. Starting point: Schrödinger equation

Consider a nonrelativistic scalar field of effective mass μ

governed by the Schrödinger equation

ih̄
∂ψ

∂t
= − h̄2

2μ
∇2ψ + V (x)ψ, (A1)

where V (x) is an external or mean-field potential. We perform
the Madelung transformation

ψ (x, t ) =
√

ρ(x, t ) eiS(x,t )/h̄ (A2)

and define the hydrodynamic velocity field

v = ∇S

μ
. (A3)

2. Madelung hydrodynamic equations

Substituting into Eq. (A1) and separating real and imagi-
nary parts yields the continuity equation

∂ρ

∂t
+ ∇ · (ρv) = 0, (A4)

and an Euler-like momentum equation,

μ

(
∂v
∂t

+ (v · ∇ )v
)

= −∇(V + Q), (A5)

where the quantum potential Q is

Q(x, t ) = − h̄2

2μ

∇2√ρ√
ρ

. (A6)

Consider the force/momentum equation (A5) in the case
of static equilibrium (i.e., no acoustic excitation). In this
scenario, the classical potential term ∇V represents the equi-
librium pressure gradient 1/ρ0∇P0 of the vacuum. Under this
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equilibrium identification, the momentum equation (A5) may
be expressed as

μ

(
∂v
∂t

+ (v · ∇ )v
)

= − 1

ρ
∇P(ρ) − ∇Q. (A7)

In the presence of acoustic excitation, the classical poten-
tial contributes only through the background pressure profile,
while the quantum potential governs the dynamical restoring
force associated with density fluctuations.

3. Linearized equations for perturbations

We now consider small longitudinal perturbations about
this equilibrium configuration:

ρ(x, t ) = ρ0 + ρ1(x, t ), v(x, t ) = v1(x, t ), ρ1 � ρ0.

(A8)

We linearize about a static equilibrium state (ρ0, v0 = 0)
with a time-independent background potential. The following
equations describe the dynamics of small perturbations about
this state; any purely background force balance is absorbed
into the equilibrium configuration.

From Eq. (A4), one obtains

∂ρ1

∂t
+ ρ0∇ · v1 = 0. (A9)

Assuming a barotropic equation of state P = P(ρ), we
expand about ρ0:

P(ρ) ≈ P(ρ0) + dP

dρ

∣∣∣∣
ρ0

ρ1. (A10)

Defining the longitudinal sound speed

c2
L ≡ 1

μ

dP

dρ

∣∣∣∣
ρ0

, (A11)

the linearized pressure gradient becomes

− 1

ρ
∇P(ρ) ≈ −μc2

L

ρ0
∇ρ1. (A12)

a. Linearized quantum potential

Expanding the quantum potential (A6) to linear order in ρ1

yields

Q ≈ − h̄2

4μρ0
∇2ρ1, (A13)

so that

−∇Q ≈ h̄2

4μρ0
∇(∇2ρ1). (A14)

b. Linearized momentum equation

For small-amplitude perturbations, the convective term
(v · ∇ )v is second order in small quantities and can be ne-
glected compared to the time derivative ∂v1/∂t , i.e., |(v ·
∇ )v| � |∂v/∂t |. The linearized form of Eq. (A7) is therefore

μ
∂v1

∂t
= −μc2

L

ρ0
∇ρ1 + h̄2

4μρ0
∇(∇2ρ1). (A15)

4. Wave equation for density perturbations

Taking the divergence of Eq. (A15) gives

μ
∂

∂t
(∇ · v1) = −μc2

L

ρ0
∇2ρ1 + h̄2

4μρ0
∇4ρ1. (A16)

Using Eq. (A9) to eliminate ∇ · v1, one obtains

∂2ρ1

∂t2
= c2

L∇2ρ1 − h̄2

4μ2
∇4ρ1. (A17)

Equation (A17) is the linearized wave equation governing
density perturbations in the Madelung fluid, including the
contribution of the quantum potential.

5. Dispersion relation

Assuming a plane-wave solution

ρ1(x, t ) = ρ̂ ei(k·x−ωt ), (A18)

substitution into Eq. (A17) yields

ω2 = c2
Lk2 + h̄2

4μ2
k4. (A19)

Defining

D ≡ h̄

2μ
, (A20)

the dispersion relation may be written compactly as

ω2 = c2
Lk2 + D2k4. (A21)

This dispersion relation contains both the acoustic (k2) and
quantum-pressure (k4) contributions and follows directly from
the Madelung hydrodynamic formulation when perturbations
about a force-balanced vacuum background are considered.
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